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Abstract 



Action integral for a matter system composed of 0- and 2- forms, C and B^, topo- 
logically coupled to 3D spin-3 gravity is considered in the frame-like formalism, and 
then the spin connection is eliminated by solving the eq of motion for the total action. 
(-H ■ It is shown that in the resulting metric-like formalism, (BC) 2 interaction terms are 

induced because of the torsion. The world- volume components of the matter field, C°, 
C M and C^ , are introduced by contracting the local-frame index of C with those 
of the inverse vielbeins, E£ and Ea , which were defined by the present authors in 
larXiv:1209.0894l [hep-th]. 

3D higher spin gravity theory contains various metric-like fields. These metric-like 
/«T«. ' fields, as well as the new connections and the generalized curvature tensors, introduced 

r — i in the above mentioned paper, are explicitly expressed in terms of the metric g^ v and 

the spin-3 field <^> m „a by means of the (^-expansion. The matter action is re-expressed 
in terms of g^, 4>ij.vp an d the covariant derivatives for spin-3 geometry. It is found 
that the action in the metric-like formalism is invariant under diffeomorphisms, just 
because the action in the frame-like formalism is topological: the SL(3,R) x SL(3,R) 
gauge symmetry in the matter-coupled theory does not contain true diffeomorphisms. 
This is due to the extra terms in the transformation rules which depend on the matter 
fields. Spin-3 gauge transformation is extended to the matter fields. 

The action integral for the pure spin-3 gravity in the metric-like formalism up to 



C^ . 0((f> ), obtained before in the literature, is rederived. 



1 Introduction 

In these several decades, study of higher-spin gauge theories has made steady progress. In 
the frame-like approach, Vasiliev proposed non-linear equations of motion for infinite tower 
of higher-spin gauge fields. [I] [2] [3] [4] Although its description based on an action principle 
is still under investigation, it was conjectured that the higher-spin gravity in 3 dimensions 
is dual to the 2D W miminal CFT models, [S] [5] [5] [7] [5] and this duality (correspondence) 
has been studied in the version of the model with linearlized scalar fields. [TO ] |llj | 12 j [13] [ 14] 

It was also noticed that in 3 dimensions great simplifications occur. [IS] [TB] The higher- 
spin fields can be truncated to only those with spin s < N and the theory with negative 
cosmological constant in the frame-like approach can be defined in terms of the SL(N, R) x 
SL(N, R) Chern-Simons action. Various black hole solutions were found and their proper- 
tities were studied. [T7] [ 18 ] [2l] [ 19 ] [TT] pO] p 2 ] [23] [ 24 ] In this frame-like approach the gravity 
and the higher-spin fields are described in terms of the vielbein e a (a = 1, .., N 2 — 1) and the 
spin connection cj° and the action integral is first order in the derivatives of these fields. 

In gravity theories, there also exists a metric-like approach. In this approach the fields are 
metric tensor g^ v and higher-spin gauge fields, and an action for massless higher-spin fields 
was proposed by Fronsdal. [25] Correlation functions on the bounadry CFT are studied by 
using holographic renormalization. 26 Cubic interaction vertices were also constructed. [27] 
In this approach the action is second order in the derivatives. It is more suitable for under- 
standing of geometric properties. 

In 3D spin-3 gravity such an action was constructed in [28 by perturbation in powers of 
the spin-3 field (p^p up to 0(</> 2 ) . In 29^ the present authors eliminated the spin connection 
from the SL(3, R) x SL(3, R) Chern-Simons theory by solving the torsion- free condition 
and then substituting the solution into the action integral. In this way we obtained an 
action integral which is quadratic in the derivatives of fields without using the perturbative 
methods. For this purpose we introduced a subsidiary vielbein &f uu \, which is expressed in 
terms of the ordinary vielbein e" , in order to define inverse vielbeins, E%, Ea ■ This allowed 
us to solve the torsion-free conditions. We defined generalizations of the Christoffel symbols 
and curvature tensors. However, the action still contains metric-like fields expressed in 
terms of the vielbeins and the structure constants of the Lie algebra. In this sense, although 
the theory is in the second-order formalism, it is not a complete metric-like formalism. 
On the other hand, the existence of the second-order formalism is explicitly demonstrated. 
Advantage of our formalism is that this can be estanblished to all orders in <fi. To express 
the action only in terms of the metric-like fields, it is necessary to express the vielbein in 



terms of the metric and the spin-3 field, and substitute the result into the action integral. 
This can be performed only by perturbation in powers of the spin-3 field. This is one of the 
purposes of this paper. We will express T*^, R M n^v and other quantities in terms of g^ v 
and 4>p_ v \ explicitly, and then express the action integral for spin-3 gravity in terms of the 
metric-like fields, and justify our formalism. The action for the spin-3 field turned out to 
agree with the result of [28 . 

Now, although 3D higher-spin gauge theory can be formulated in terms of the Chern- 
Simons theory, this is just a 'pure spin-3 gravity' theory. It is desirable to include matter 
fields. Actually, there must be 'scalar fields' in Vasiliev theory. It is, however, a very difficult 
task to construct action integrals for matter fields interacting with higher-spin gravity fields 
in an invariant manner in the metric-like approach. To our knowledge, this has never been 
done in the literature. In the second half of this paper, we will extend the 3D spin-3 gravity 
theory by topologically coupling matter fields. Matter fields are a 0-form C and a 2-form 
B = \B ilv dx^ l\dx v . 

These fields are 3x3 matrices and have local frame indices: C a , C°, B afiU , Bq^. 
(a = 1, 2, .., 8) This is a frame-like approach. By contracting these indices with those of the 
vielbeins e", e? \, or their inverse E£, Ea , we obtain matter fields with world- volume 
indices in the metric-like approach: C°, C = E£c a , C») = E^ v) C a , etc. The C field is 
not just a scalar field, but turned into a set of scalar, vector and tensor fields. Similarly for 
B. 

In order to construct the spin-3 gravity theory interacting with the matter fields in 
the metric-like formalism, we need to eliminate the spin connection io a by using some of 
the equations of motion. There are two options: one is to use the spin connection w°(e) 
obtained by solving the equation of motion for the Chern-Simons theory representing the 
pure spin-3 gravity. The other is to solve the equation of motion for the total action to 
obtain Cj° 1 {e,B 1 C). Firstly, we tried the first choice, and found that this leads to an action 
which is not invariant under spin-3 transformation. Since it does not seem simple to modify 
the action and transformation rules to recover the symmetry, we will adopt the second 
one. Then the equation of motion with respect to the spin connection is different from the 
one for the pure spin-3 gravity: a torsion tensor appears. Accordingly, the Christoffel-like 
connections and the spin connection must be replaced by new ones. We will show that the 
action integral for the pure spin-3 gravity sector and that for the matter sector get extra 
interaction terms, which are quadratic in the torsion tensor and of quartic order of matter 



fields, (BC) 2 . The action for the gravity sector is given by 

Scs = ^Jd 3 X ^e^F, M N R M N ^ + ^i-2e^F, M N Art ! K AT^ N y.l) 

e is a generalized cosmological term (|3. 201) . FpAf is a metric- like tensor dehned in (J3.37I) 
and appendix D. The first and the second terms can be rewritten as a sum of Einstein-Hilbcrt 
action and Fronsdal's spin-3 gauge action. The matter action in the metric-like formulation 
is given by 



d 3 xy/^g 



i>\ X {V x C^^K" xiX C")+jB x x C 



B Q X ( d x C° + 1 C x ) +- B N X C M AT» M 



(1.2) 



Here Va is a covariant derivative associated with the connections Tff N . B^ and Bq 
are defined in (|4.36|) - (j4.37|l . and another metric-like tensor K N m\ is given in (|4.39|) and 
appendix B. AT^ M , (|4.23|) . is a shift of the connection T^ M due to the torsion. Those 
terms which include AF yield fourth order interactions of the form (BC) 2 . Under spin-3 
transformation, fields C°, C^ and C^ 11 ' transform into each other, and the transformation 
rule will be obtained explicitly. 

The novel feature of the spin-3 gravity with matter coupling is that local translation of 
the metric g^, and the spin-3 gauge field <j)p, u \ contain terms which depend on the matter 
fields C, B through the torsion tensor. Therefore the local translation does not contain 
the true diffeomorphism. However, our spin-3 gravity with matter coupling is still invariant 
under diffeomorphism, because the action in the frame-like approach is a topological one. 
Therefore the symmetry of the spin-3 gravity theory is enhanced by the matter coupling. 
We also find that the transformation rules of the matters, C and B, become non-linear in 
the matter fields. 

This paper is organized as follows. In sec. 2 our second order formalism will be reviewed 
briefly. In sec. 3 various metric-like fields will be expressed in terms of the metric g^ and the 
spin-3 field <j)^ vX by using perturbation in <f>. The four kinds of the generalized Christoffcl 
connection T^ N , the generalized curvature tensor R M Nfw and the action integral for the pure 
spin-3 gravity, are then expressed in terms of these fields. The transformation properties 
of g^u and (ji^x are then studied. In sec. 4 an action integral for matter fields coupled to 
the spin-3 gravity is explicitly written down. The action integral is then converted into a 
metric-like form by contracting the indices of the matter fields with those of the vielbeins. 
Transformation rules of the matter fields under spin-3 transformation will be worked out 
explicitly. Sec. 5 is a summary. In appendices A-G, some formulae are presented. We 
performed various computations by using xAct packages for Mathematica(3"0"] . 



2 Brief Review of the Formalism 

In [33] we denned a subsidiary field eJ \ in terms of the vielbein field e". 

e^) = 5 d\ c e^el- 1 - g^ g*" d\ c e\ e c p (2.1) 

This is symmetric under interchange of /i and v. The second term on the righthand side 
ensures that e? > is traceless: g^ v e? -. = so that e? vl has five independent components 
with respect to the indices /i, ja In spin-3 gravity the index a is associated with SX(3, R) 
and runs over a = 1, 2, . . . , 8. So the set of generalized vielbeins, (ejj and e? •,), makes up 
an 8 x 8 matrix. 

This allows us to define the inverse vielbeins, E% and Ea , by the relations, 

E^el = 0, i^ ) e^ ) =<W + <W-f SApiT, (2.2) 

and then solve the torsion-free condition 9 P e" — d v e° + / a f, c w„e£ ~ / a 6c w v e u = an d 
express the spin connection wj in terms of the vielbeins. The result is 

< = wjl(e) = ^ / a6 c ^ V M e c A + i / Qb c 4 Ap) V M e^ p) . (2.3) 

Here V M is a new covariant derivative. For this definition, we need to introduce some 
notation for indices. Let M, N, . . . denote a set of two types of indices, /x and (f, A). Then 
covariant derivatives of tensors, Vm, V M , with this type of indices are defined by 

V^m - d„V M -T^ M Vs = d li V M -T v liM V v -\T^V {vX) , (2.4) 

v,v M = ^y M + r^^ = ^^ + r^^ + ir^ A) y^). (2.5) 

Note that a factor i is associated to the summation over the pair of indices (his). We will use 
this summation convention throughout this paper. There are four types of connections r*^v 
according to the types of M and N. These are generalizations of the Christoffel symbol in 
the ordinary gravityo In [29) the expression for these connections are determined in terms of 
the metric-like quantities in such a way that the full covariant derivatives of the generalized 
vielbeins vanish: D„ e% = V^e" + ]\ c w* e£ = and D p e a [vX) = V^„ p) + f\ c ^ e a {up) = 0. 
The (extended) metric compatible with the covariant derivatives V M is given by 

Gmn = e-lte-aN- (2.6) 



A generalization of Christoffel symbol in higher-spin gauge theories was once considered in 1361 . The 
direction of the generalization is, however, different from ours. 



This is decomposed into four blocks and three of them are related to the metric and the 
spin-3 field: the first block is the ordinary metric, G M „ = g^ v . Off-diagonal blocks are 
G>(V P ) = G(v P )n = 4>nv P - \gvpg Xc, <i>\o^ where (j)^ vp is the spin-3 field. The last one 
GiuvMXp) is new, but in principle can be expressed in terms of <? M „ and 4>^\, as is displayed 
in appendix A. However, the covariant derivative V M defined above mixes the two types of 
indices, (i and (/xi^), and the last component Gi^ u \i\ p \ is also important. The perturbative 
expansions of Gmn and G MN in powers of <f> are given in appendix A. 

In order to distinguish the ordinary Christoffel symbol from the above new connections 
r^y, the former will be denoted as T^ x throughout this paper. The covariant derivatives 
and the curvature tensor associated with the Christoffel symbol will be denoted as V M and 
rX Pi iv> respectively. 

3D spin-3 gravity is defined by SL(3,R) x SL(3,R) Chern-Simons action and the field 
variables are the vielbein e" and the spin connection uj a . This is a first-order formalism. 
By substituting w°(e) in (|2.3[) into w° in the Chern-Simons action, an action integral in the 
second-order formalism was obtained in [29) . In the nest section we will express the action 
integral and several geometric quantities only in terms of the metric and the spin-3 field by 
using perturbative expansions in cj). 

3 Vielbein in terms of metric-like fields 

As was explained in [29], there are various metric- like fields in spin-3 gravity. Among 
them the metric field 9 » v and the spin-3 field ^ are important because the others are 
assumed to be expressible in terms of these. They are define bjo 

SV = ^ tre M e » = habe^el, (3.1) 

<?W = -tve ll {e u ,e x } = -d abc el\ele c x (3.2) 

Here { , } is an anti-commutator. Other metric-like fields are similarly defined in terms 
of traces of products of the vielbeins, so if the above relations were solved for e M , all the 
metric-like fields would be expressed in terms of g^, and the spin-3 field (\>y, v \ . This is what 
we are up to. The vielbein e a has 24 components, and among them 8 of those are gauge 
degrees of freedom for local 'Lorentz rotations'. Up to these gauge transformations, the 
vielbein is expected to be obtained uniquely. 

By using the Killing metric h a b LJ the explicit form of relation (|3.I[) reads 



9liV = el el - 2 (e 1 ^ el + e% ej) + 8 (e* e« + e° e£) - 2 (e* e 7 v + e\ e 5 v ) + \e\e% (3.3) 



2 For the definitions of the basis t a of sl(3, R), see appendix A of I29| . 
3 See appendix A of 29j for our conventions. 



Similar, but more involved eqs for (f> can also be written down explicitly using the symmetric 
structure constant d a i, c The indices /i, v.. run over r,t,4>. 

At present, this attempt can be fullfilled only perturbatively: we must assume that (p^x 
is small, and resort to expansions in powers of 4>. We will use the following gauge fixing 
conditions for local frame rotations. 

e° = 0, (a ? 2, 6) (3.4) 

The remaining two are given by 



3 7„i , „5„3 



(3.5) 



First, the eqs for g rr and 



9rr = {elf + \(e & r f, (3.6) 



= --(elf + 2 (el) 2 e e r , (3.7) 



are combined into a cubic eq for e® 



(e ' )3_ jQ9rre 6 r + —<l>rrr = (3-8) 



b 2 - 



This eq has one or three real roots according to the sign of the descriminant D — (81/4096) 
(27/256) gf r : for D < there are three real roots. 



e6= w fc (-— ( /, rrr + z V / ^D) 1/3 +^ 3 - fe (-— <p rrr -iV^D) 1/3 (fc = 0,l,2) (3.9) 
Here w = e 27 ™/ 3 , and \/—D denotes the positive root. For D > there is only a single one. 

6 " = i-^^rr + VO) 1 ' 3 + (-£ ^rrr " V^D) 1 / 3 (3.10) 

64 64 



.0 



Assuming that g rr > 0|_| D turns out negative for small |(/> rrr |, and there are three solutions 
for the inversion problem. For = 0, the solutions are e^ = 0,±| Jg r r ■ Because = 



■4 

corresponds to the ordinary spin-2 gravity, in what follows, we will choose the branch which 

reduces to e® — at <\> = 0. This solution is smoothly connected to the one for D > and 
large |0 rrr |. Then the small 4> expansion for e® is given by 

1 2 

e r = 2 (S"-) _1 4>rrr + q {9rr)~ A (4>rrr) 3 + ■■■ (3.11) 



In turn, e 2 is determined by solving (|3.6[) . 



<; ! = \/3r-r-^(e6) 2 = V5^+.-- (3.12) 



4 Throughout this paper the world-volume indices take values //,, is, • • • = ?*, t, 0, and the signature is 



The above eq shows that there is an upper bound for |0 rrr |, given the value of g rr 
shows that cf) rrr grows as (e 6 ,) 3 for large e^. 

The eqs for g rt , g r( p, 4>rrt and 4> r r<i> determine e\, e%, e 2 and e\. Results are 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

The solution p. lip is to be substituted into the above. 

The remaining eqs for g tt , gt<t>, g<t><t>, 4>rtt, <t>rt<t» <t>r<f><l>, 4>ttu 4>tt<{>, 4>t<t>4> and 4><t><t>4> provide 
a set of coupled eqs that can at best be solved only by perturbations in powers of (j>. The 
redundancy in these eqs can be removed by the gauge fixing (|3.5[) . To leading order O((f> ) 
we have 



e 6 - 

p 2 


2 4>rrt — 2 g r t e r 
ilrr 3 V e rJ 

(ffrr-f (e 6 r ) 2 )g rt -2(/) rrt e 6 r 


e r - 

p 2 


9rr 3" ( e r) 

2 fyrr<fi ^ Qr(p &r 
9rr-f(e^ ' 

(9rr ~ f (e^) 2 ) g r ^ - 2 (j)rr4> e & r 


C <P ~ 


{ 9 rr-f{eW)el 



e 



1 -9 ^.m , ! 



1 - i . v r,<t>4> ri+ j : t-.nrT.J'i' 



g Mdt+— / ===(-V=gg t *-V9^)d4>, (3.17) 

2 V Srr 2 V.9rr 5^ 

e 2 = \fg~rrdr^ — g rt dt -\ — g r <f- deb. (3.18) 

V yrr V 9rr 



=3 _ i,/J n #*i. * r-./r::,,'- 



= -J-+g**dt+—=={-y/=gg t * + y/gZ)d4. (3.19) 

2 V Srr 2 ^JgrVg^ 

Here 5^" is the inverse of <7 M „ and g is the determinant of g M „. Other vielbeins e 4 , . . . , e 8 
begin with 0(<j) 1 ). In order to compute the action integral to the first non-trivial order, and 
in terms of the metric-like fields, we computed e 1 , e 2 , e 3 up to 0(4> 2 ) and e 4 , . . . , e 8 up to 
0(</> 3 ). 

3.1 Connections and Curvature Tensor 

By using the above results we can compute all quantities necessary for writing down the 
action integral. These include the generalized cosmological term|£| 

_ 1 



6 ^ f abc elele c x = ^—g (l+ 1 -^^ - l - <^A ^ + 0{^ (3.20) 

Here e^ vX is a unit completely anti-symmetric symbol with e rt ^ = +1. 



5 <f>p = <t>)j, v \ g v>t ■ Indices are raised and lowered by g^ v and g^u, except for £ M , ^m and C M , Cm in 
sec. 4. In the latter case, G and Gmn play the role of interchanging the indices. 



To compute Christoffel-like connections T^f N , it is necessary to define tensor M^^xp) 
and its inverse, J^ v >^ x p\ These are defined [25] as 

M(^)(\ P ) = G(jiv)(x P ) - G(^) Q 3 Q/3 G / 9( A/3 ), (3-21) 

Ij(^)(-)Af (CTK)(Ap) = P^ = S^ p +8^l-\g^g Xp (3.22) 

Here PV , a p^o, „n t „ a space „ f ^ t „ee,e s8 JLfl T te e H»e A. 

expansion, M = M<°) + Af < 2 ) + . . . , where AfW = 0(</> n ), and similarly for J. The 0-th 
terms are given by 

<i)(Ap) = Jvfe^r;- (3.23) 

j(o)(fj,u)(Xp) _ 4„ctA kp pp,u (3.24) 

One of the four connections, r}t„ , is given by 

r^ p) = ^(V M 4w + V„ *„„„ - V K $ MW ) j(^)( a p) + I S-pv.Ka J (KCT)(Art . (3.25) 

Here $ is the traceless part of 4>: <f>p„A = <t>p,vX - kig^v 0a + g v \ 4>p + 5Ap 0v). S^ :Kcr is a 
tensor obtained by solving a few algebraic equation^ and the formal solution was presented 
in appendix D of [25], where Sp, UtK tx is given as an infinite sum of Spl tK(r , which is 0((j> 2n+1 ). 
Up to 0(4> 2 ), it is given by 

j^v,\p — b^xp ~ ~7 9i>,v \Axp + •A.pX) — v 5Ap (-A^i/ + -Ai/juJ 

3 3 

+ r 5^1/ 3a p A a a - — (g^x g vp + g PP g v x) A™ 

+ - g^x (2 Ay P + A pv ) + - g vX (2 A w + A PIX ) 

+ - g w (2 A v x + Axu) + g 5.p (2 -4pA + Axp) + 0((j> 3 ), (3.26) 



where Aa V is given by 



5 -^A^ . n/J.Z\ 



A„ u = V M ^--V A $^ A + 0(^) 
y 

= yV^. + iv.^-^Vp^Z + i^VA^ + O^ 3 ). (3.27) 

In eq (D.2) of 29 , which defines Ap, v , there also appears a term containing Wan- This 
quantity, however, can be shown to be 0{4> 2 ) and does not contribute here. 
By using (|3~25]> . (|3~24l and (|3~25|) , we obtain 

+ 1 C V") V) - | g x " V (m ^ + ~ g, v V CT ^ - | $ V k , ^V 

+ ^ 3 Ap V CT <^/ - ~ 5 (A 5 p) v^ . + 2 gXp gtut y CT . + 0{(j) 3y (3 2g) 



6 1 pM" pK<T _ pC» 
2 ^ KO " *Ap — ^Ap 
7 Eqs (3.30) and (3.32) in [29] 



^A __ 1 -r( <TK ) A, A 8 



Indices between parentheses are meant to be completely symmetrized, and dividing by the 
number of terms that are needed for symmetrization is understood. 
Then r* is obtained by using the formula T* — T* — | r/,„ VaK 

r A „ = ^-^^v^^ + ^^v^^-^Vv^. + ^V^f 

4 ~ 2 - 2 4 

+ ^ .9^ ^ V p CT - | ^ A ^ V K pCT K - i g^ A V P P + O(0 4 ) (3.29) 

The remaining two, F p , . , and r ^ ... are obtained by using eqs (4.12) and (4.13) in [25] . 
For computing r p , A -, to the leading order, which is O^cj) 1 ), we need to evaluate a quantity, 

K p {aK)x = d a bc E p a e\ aK) e c x 

= - ^£<7™ + <$£,. 9«)a + 0(<£ 2 ) (3.30) 

and we obtain 

r P t( „ A) = - 3 V p <^ A + - g vX V p P - - 9tl{y V p A) + | V M P „ A 

-| *£, V| Ml A) + i V (l/ p A)p - i ff/l(v V A) V-\ S p (v V A) P 

+| ^ V (I/ A) - i ff „ A v CT CTp p + ~ <? M(l , v k , CTp A) + i *£, V w A) / 



^ ^ V ff 0„ A ff + i «£, ffA)p V ff 0" - i <5 P 5 , A V ff <T + O(0 3 ). (3.31) 



For computing f "L we also need to evaluate another quantity, 



-"- (kjj)A — « 6c£/ a e (K7;) e A 



- -^3a (k P %) + ^ <?«„ pff A + | 4 P ^ " | # <t>"\)x - \ 9x( v 5% r ] 
~\ hn S % S x + \ 9 pa 9x (K 4> v ) + \ 5[ K S% 0a - ~ g pCT <?«„ 0a + O(0 3 |3.32) 
By using this tensor, we obtain 



4 2 2 

^A) - "* "(* L MX) ~ 3 -9 PCT »«(«' rfplA) ~ g 3 P<T 9vx <f> KT n T)%'> + - y ■■■ y vXV ■ KT * m 

i 



&9 ux9^K^\ KT)ri T^ +0{^) (3.33) 

Note that this expression contains other kinds of T's and they must be substituted. The final 
result is complicated and will not be displayed here. This connection has a non-vanishing 
trace with respect to the lower paired indices: g vX ^ ( X \ = — 2 3 p g pa — ^ g pcr g vX d^ g v \. This 

8 eq (3.17) in [29] 

10 



is because the definition of this connection, T^^ = Ea (<9 M e tuX) ~ ^m e ?z,A) ) contains the 

derivative d^ of the vielbcin. However, contrary to the expectation, the similarly defined 

connection, r p , ..., does not have a trace, g vX r p , A . = 0, as can be checked by using p.3ip . 

Finally, we turn to the generalized curvature tensor. This was defined in eq (6.11) of 



dm -a r M a r M j_ r AI r K r M r K f\ Q/l^ 

-ft AT/IK = Ofj. 1 „jv ~ °u t M 7V + x (iK x i/JV — x j//f l fiN- (0..34J 

The components can be obtained by substituting the above results, and some of them are 
presented in appendix C. Here we make a brief comment. Firstly, to the leading order, the 
component R x ppv agrees with the ordinary Riemann tensor in 3 dimensions, as it should. 

R x PP u = R x ppv + 0{4> 2 ), (3.35) 

where R x piiV = d p f x p - d v t x p + f X K f« p - f X K f« p = S x R pv - \ R 5 X g vp + . . . . The 
second-order terms are too complicated to present here. 

Secondly, two types of components, R^^x^u and R^ pa \xK)p,u, turn out to contain terms 
proportional to the ordinary Christoffel symbols. Therefore, these components do not act 
as tensors under diffeomorphism. The reason can be traced to the derivative d p on T^f N in 
(|3.34[) . The traceless condition g pa R( pir ' n^v = is jeopardized by the derivative. However, 
those terms proportional to the Christoffels are all proportional to g pa , and by contracting 
these components by the projector P?f (|3.22p . we can obtain quantities covariant under 
diffcomorphisms. This means that more appropriate definition of the generalized curva- 
ture tensor may be the one, obtained by projecting out some terms by using (J3.22I) . like 

[-ft \^ v \ rcdofincd - 2 r afi -"- A/ii/ 

If the indices of these curvature tensors are, however, contracted with other tensors, such 
as F^m (|3.37[) below, which also play the role of projector, it is not necessary to perform 
the above-mentioned redefinition. This is indeed the case for the calculation of the action 
integral in the next subsection. 

3.2 Action Integral for pure spin-3 Gravity 

As was shown in |29j , the second-order action for spin-3 gravity obtained by substituting 
(12.31) into the Chern-Simons action is given by 

k f 1 

Second-order = j~t / tr e A (duj(e) + uj(e) A w(e) + — 2 e A e), 

'•' f d\ \-e^ x F, M N R M NvX + ^ el (3.36) 



48ir£ / ~~ pal " VA ' P 
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Here k = l/AG and G is the 3D gravitational constant, and £ is the cosmological length 
related to the cosmological constant by A = — 2/£ 2 lQ e is the cosmological term presented 
in f|3.20|) . The quantity F p m multiplying the generalized curvature is given by 

F» M N = r bc ele b M E». (3.37) 

Because e b , vX) and Ea ' are traceless when contracted with g uX and g v \, respectively, this 
quantity acts as a projector. So, only the tensor part of the generalized curvature, R M NvX, 
contributes to the action integral, and the action integral is invariant under diffeomorphism. 
Therefore the projection in terms of Pt~ mentioned in the previous subsection is not neces- 
sary in this case. To express the action in terms of g^ v and 4> pv x, perturbative expansions for 
the tensor F p m must be worked out. Some of the components are displayed in appendix 
D. 

The resulting second-order action up to 0(4> 3 ) is given by 

k 



Second-order = ^ / #X V=9 (A) + L 2 + 0(<j) 4 )) . (3.38) 

Here Lq = 12(R + -p-) is the Lagrangian for Einstein-Hilbert action. An interesting ob- 
servation is that not only R x ppv but also R^ p ' < K a)iiv contribute to Lq. This modifies the 
coefficient in front of Einstein-Hilbert action. The next term is given by 

-4 ^ x ^ vX R + 2cb p ^R-2cb p i7 p V v <j> v + 24 <^ A W v V A M 

-16 r" X V A V ff ^ + 4 V M <j> v V v r + 4 V M <t> v V" r - 16 V M ^ vX V p <jf vX 

+ 16 V" <j>" V A 4>^ X - 2 (V„ 0") 2 + 20" V„ V^ 0" - 8 <jT x V p V A M „" 

20 - 

+8 4>^ x V p V p ^x - 4 V p ^xp V p 0"*" + yV, <j> vXp V" <\> vXp . (3.39) 

This Lagrangian can be rewritten into the Fronsdal form by partial integration. 



4 
L 2 = - 



' (-Vp - 1 <w ^p) - § £ <^ P ^ + jj i? PCT v ^ - J £ PCT r r 



■^fap^ + js^d? 



-?=d p [V~gQ p ] (3.40) 



F pvp is the Fronsdal tensor 

F pup = V A VA^p--V A V (/1 !//) ) A --V (/i V A I/ p )A + 3V (/i V !/ p) , (3.41) 

and J7, = J^i/A 5" A ■ Q p in the surface term is given by 

20 - 

Q p = y^AV p r A +4^Vf+4^Vf-2fV,f-4^ A V A r p 

-16 r vp V A m ,a + 16 tfT" V„0p + 4 0""' V,0p - 4 0" V v 0/'. (3.42) 



9 The normalization of the action (4.30) in |29| is not appropriate. It must be corrected by a factor 1/4. 
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In this way the second-order action can be divided into three integrals: 

^second order *^EH ' *^frcc Fronsdal ~r ^boundary (o.4oJ 

The bulk part of p.40p is the lincarlizcd spin-3 Fronsdal action with </> mass terms, and 
agrees with the result of [28]. LL5J ^boundary = / d 2 x ^J~gQ r connects the CS action in the 
metric-like formalism and the Einstein-Fronsdal type action in the metric-like formalism. 

3.3 Transformations of the Metric-Like Quantities 

The transformation properties of g pv and <j)^ vp were studied in [2 9) . It was shown that 
g^ v transforms as 

Sg^ = V M &, + V„ ^ - r^f) C ( Ap) = V M i v + \J V fa (3.44) 

£ p and C, plJ = £(p V ) — G(uv)p 9 pa £<r are parameters of diffcomorphism and spin-3 transforma- 
tion!^] So, g^ v behaves as a tensor under diffeomorphism. By using (|3.28[) . the transforma- 
tion rule under spin-3 transformation is also derived. 

k9p,u = -g C Ap V (A1 ^ )Ap - - C(-/ V,,) </>a - ^ C( M A ^|A <t>») 
+ ^ C Xp Va ^ up + ~ C(/ V" c/> v)Xp + | g pv C A " V A </> p 
+ \ fa Va <^ A - ^ 9 pv C Xp V CT <j> Xpa + 0{4?) (3.45) 

This result agrees with that of [2"8] . 

The case of 4>^p = \ tr e M {e^, e p } is more complicated. Under diffeomorphism it was 
shown J3!J| that transforms asl 12 l 

k <t>n*\ = c v CT <p„ux + v^ r </wa + v A r <?w + v„ r <?w 

+ 7 9jiv i" I Va ^ ct « k - V CT 0A K h J + - 9v\ C (V M CTK K - V CT f/y^J 

+7 5mA^' t ( Vj/ <?W K '- V CT </w K J 

- g aP {S pa , u f} £a + <V*,A/3 &/) " £ Q S>r/,Aa + cyclic permutations of /x, i/, A 

(3.46) 

The appearance of this expression is quite different from the transformation rule of a rank 3 
tensor. Thus the transformation rule of 4> pvp = \ tr e^ {e„, e p } is a nontrivial issue, although 



10 Our <p and the spin-3 field ip in 28 are related as (pptvp = 3i£ MI/ p. 

n £ A/ = Itr(A_e M ). See eqs (5.4) and (5.5) of ;29.. C,^ satisfies ^ g» v = 0. 

12 There is a typo in eq (5.13) of | 29| . The coefficient 1/5 at the top of the last line of 113. 461 1 is missing. 
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the tensorial property of the counterpart, g^ v = | tr e M e„, is easy to justify. We have checked 
that 4>,j, V p behaves as a tensor up to 0(<j) 4 ): 

Si </w = fc V A ^ vp + 3 4> {llv x V p) 6 + O(0 5 ). (3.47) 

All order proof is not yet obtained. 

Finally, we computed the spin-3 transformation of <j> by using eqs (5.15) and (5.3) of [25] . 



1 



^(p<?) 



${ §p,v\ = dp Q v \ - - T^J^ C, P a + (cyclic permutations of /i, t>, A) 

- 3V (A1 C,A)+0(^ 2 ) (3.48) 

The 0-th order term of this transformation was first obtained in [28] . We also computed 
the next 0(<f> 2 ) terms. These are non- vanishing. However, they are complicated to display 
here. The action integral p.38|) is invariant under the above O(4> ) transformations. This 
was first shown by [28) . 

4 Matter Coupled to Spin-3 Gravity 

In this section we will couple a (B, C) system composed of 0-form C and 2-form B = 
\ Bp V dx^ A dx v to the spin-3 gravity topologically. These are 3x3 matrices and can be 
expanded into the basis {to,t a } (to — 1 is an identity matrix.) 

C = C A t A = C°to + C a t a , (4.1) 

B = B A t A = B a t a + B a t a (4.2) 

The action integral is given by 

^matter = f tr B A (dC + AC ~ C A) . (4.3) 

This action is invariant under SL(3,R) x SL(3,R) gauge transformation: 

A -> A' = U- 1 dU + U- 1 AU, A-> A' = U~ 1 dU + C/" 1 AU, 

C -> C' = U- 1 CU, B^f B' = U~ 1 BU. (4.4) 

Here U and U are 3x3 matrices corresponding to the first and second SL(3, R), respectively. 
As we will see in (|4.14|) - (|4.15|) . the 0-th components B° and C° in (|4.1|) - (|4.2j) . proportional 
to 1, are necessary. By using the vielbein and the spin connection 13 !, action integral (|4.3p in 
terms of the components reads 



^matter 



i + e^ 1 e and A ■■ 



J d 3 x e^ x tr i Bp V (d x C + A X C - C A x ) 

J d 3 x e^ x B A p V (d x C A + f A bc u\C c + j d\ c e\ C c ) (4.5) 
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Here A, B, C,.. run over 0, 1, 2, . . . , 8, while a, b, c, ... over 1, 2, . . . , 8. These indices are 
raised and lowered by Kab and and its inverse h AB . The Killing vector h a b for SL(3 7 R) is 
defined in appendix A of [29] and /loo = 3/2 and h a o = hoa = 0. Hence Bq = | B° . f A BC 



2 

vanishes, if at least one of A, B, C are 0. f a bc is the structure constant for SL(3, R) and d a bc 
the invariant symmetric tensor. d® ab = (4/3) h a b, d a b Q — 2S b . Let us note that this action 
does not contain the metric tensor like the Chern-Simons action, hence it is topological: it 
is invariant under general coordinate transformations in the ordinary sense. This symmetry 
is independent of the above gauge symmetry. 

4.1 Infinitesimal Gauge Transformations 



Gauge transformation (|4.4|) in infinitesimal form will be studied now. Let us write U 
and U as U = e A ~ 1 + A, U — e A m 1 + A. The transformations are classified into two 
sets; (a) local Lorentz-like transformation A = A = A + ; (b) local translation (diffeo+spin-3 
transformation) A = —A = A_. Additionally, there is also an extra Abelian gauge symmetry 
for B; (c) SB — dE (E = S M dx 11 is a one-form.) 

(a) Under local Lorentz-like transformation, e and uj transform as Se = [e, A + ] and Suj — 

rfA + + [w, A + ]. A transformation rule for matter is 

SC = -A+C + CA+ = [C,A+], (4.6) 

SB = BA + -A + B = \B,A+}. (4.7) 

Writing A + = t a A°l, the transformation of the components is 

SC° = 0, 5C a = f a bc C b A c + , (4.8) 

SB = 0, 5B a = f a bc B b A%. (4.9) 

So the 0-th components of the matter are singlets under local Lorentz-like transfor- 
mation. 

(b) Under local translation, e and w transform as 

Se = J?(dA_ + [w,A_]) = £L>( L )A_, (4.10) 

Suj = (l/£)[e,A_]. (4.11) 

The matter fields transform as 

SC = -A_C-CA_ = -{A_,C}, (4.12) 

SB = {A_,5} (4.13) 
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In the transformation of C a the 0-th component inevitably appear, and thus we are 
forced to introduce them from the beginning; 

SC° = -d° bc A b _C c =~A a _C a , (4.14) 

SC a = -d a bC A b _C c = -d a bc A b _C c -2A a _C a (4.15) 

SB = d° bc B c =^A a _B a , (4.16) 

SB a = d a bC A b _B c = d a bc A b _B c + 2A a _B° (4.17) 

Later, we will show that C° = (l/3)trC is a scalar under ordinary diffeomorphism, 
but transforms nontrivially under spin-3 transformation. 

(c) Under the two- form gauge transformation, B changes as follows. 

*£„,,= 8 M H„- ft, S„ (4.18) 

Out of the three components of 3^, the one which satisfies g!3 = is redundant, and 
only two of the three components of B^ v can be gauged away; it is possible to set 
B rt = B r( p = 0. Therefore B is essentially a single 'scalar'field (B t< j,) which will be 
dual to a scalar operator in the boundary CFT. 

4.2 Spin-3 Gravity with Torsion 

Now we will eliminate the spin connection w° to obtain the metric-like theory. First, we 
tried to use the solution ui"(e), (|2.3[) . In this case the transformation rules of g^ v and (j>^ v \ 
are the same as in the pure spin-3 gravity theory. It is also found that the transformation 
rules of C under diffcomorphisrrl 14 ! coincide with the usual rules for tensors. However, it was 
found that the spin-3 transformation rules for C, (|4.57|) and (|4.58[) presented below with 
Ar = 0, do not leave the action invariant. At present it is not clear how to modify the 
action and the transformation rules to recover the symmetry. 

For this reason we will solve the equation of motion for the total action with respect to 
w° When the matter fields are coupled to the pure spin-3 gravity, a torsion is introduced. 
To see this, let us consider our total action in the Palatini formalism. 

S tot [e,u>,B,C] = ^- i JtT (eAR(u;) + ^eAe^+Jtv (b A (dC + ~ {e, C} + [u,C\ j 

(4.19) 
Here R(u>) = dio + us Acu. The first integral is the Chern-Simons action. [32] [33] |T5] The equa- 
tion of motion obtained by variation with respect to u> is no longer a torsion-free condition: 

8» e a v + f\ c wl e c v - {n «■ u) = -T M „. (4.20) 



4 These are given by 1 14. 5511 and 114. 5611 below with Ar set to zero. 
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T ltu = -—[B IU „C\. (4.21) 



Here T pl/ = Tff v eju is a torsion tensor denned by 

Ant 

Eq (|4.20[) defines a new spin connection (D"(e, £, C) and a new set of connections T^ N - The 
equation 

^e2 + A c u£< = f^e M (4.22) 

with (I™* — F^fu) e-M = —T pu can be solved for Tff v , by the same procedure as in sec. 3 of 
[29] and then ^ M / uX ) 1S determined in terms of them. The result can be written in the form 

f^ = r^ + Ar^, (4.23) 

where Tff N is the connection for the pure spin-3 gravity. For the component, r^J 7 , the 

difference is given by 

1 _,„_^ 1 
2 
+9vp T^ ^\ a ) + g v \ T^^p^ + T u x,(f_i P ) + T vp ^ p \) — 2g\ p T v " t ( JUT } 

+ 9p, P Tv a ,{\cr) +9p\ T v a t ( p(T ) + g vp Tx <T ) ( A j .) + g w T\ ^ vcr) 

-2 g^ u T\° t ( pa ) + g v \ T p a \( pa ) + gp\ T p a ^ VIJ ) - 2 g^ v T p a ^ Xa )] +0(4> ) 

(4.24) 

The next order contribution, A [r^^ ]i (= ©(0 1 )) is displayed in appendix G. The difference 
of another connection, AT^, is related to A rjfjf ' by 



^■■•/w/ <> m" a L i**<(yp) ' 1 pp,(y^) ^g\p ± p ,0<t) 



Ar£ Gma = Ar; G pA + ~ ArW G (pff)A = -\ (T^a + T A ,^ + T A „, M ), (4.25) 

In the above equations, we used a notation. 

T^m — Tp V Gnm (4.26) 

Expression (|4.25[l satisfies AT^Gma + AT^i ^Wi/ = due to the anti-symmetry of T^ v . 
In (14.24[) the indices of T^^xp) are raised by g Ka ' . Let us note that Arf^, is not symmetric 
under interchange of /j, and i/, due to the torsion. The other two connections VH V a n are 
obtained by replacing T™ N by f*^ in eqs (4.12) and (4.13) of [29]. 



tiN u y x pN 

The spin connection u° which satisfies (14.221) is now given by 

««(e, B,C) = ± r\ K V P e^. (4.27) 

Here V^ is the covariant derivative associated with Tff N . Gmn is compatible with V M . The 
generalized curvature tensor which corresponds to the above new connection is defined by 

r>M _ a -pM _ a pM . f\M i^K fM fX 

-rt. Npv — Up J- „jv ^ x /iJV ' L pK L vN l vK L pN 

= R M Np, + V M A Tl' N -V V A Tff N + A Tff K Ar^-A Tff K A 1^(4.28) 
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In the second line of the above equation, the covariant derivative V M A V^f K is used here 



for brevity with tacit understanding that the non-existing component &.V¥ -, N — 0. After 



substitution of (|4.2T[) into f|4.19[) . we obtain the total action. 

S tot = S tot [e,uj,B,C} = JL />* (-e^ x F„ M N R M Nl/X + ^ 

+ fixBA (dC+j{e,C} + [u,C\\ (4.29) 



When the generalized curvature tensor (|4.28[) is substituted into the above equation, those 



terms linear in V„ A T XN turn out total derivative ones, and can be dropped. This is 



because the metric-like quantity F^m is made of the vielbeins, and covariantly constant: 
V„ F^m = D v F^m — 0l3 Finally, only the quadratic terms remain, and the total action 
is given by 



ffsccond-ordcr + / d X (— 2 e'"' F^ M A Y vK A T XN ) 



k 

+ [tiBAUC + j{e, C} + [u>, CU (4.30) 

The first term in the first line is the pure spin-3 gravity action (|3.36p . The last term in the 
first line is quadratic in the torsion tensor and depends on B and C . 

4.3 Proof of Local Translation Invariance of the Action 

In order to prove that Stot = ^tot[e, w,B,C] is invariant under the local translation 
(j4.10|) . (|4.12|) - ()4.13|) . we will use the 1.5 order formalism. Under variation of the fields, Stot 
changes as follows. 

x A 5 Stot r 8 Stot x D . 3 Stot x ri 8 Stot r - r „ W| , . „ i \ 

6St ° t = — Se+ ^B- SB+ ^ SC+ — 6uj[e > B > C] (4 ' 31) 

After the functional differentiations, we set w = won the righthand side. The last variation 
6 oj[e, B,C] is computed according to the dependence of the solution u — Q on the other 
fields, e M , B and C . This is actually very complicated, but because Cj solves the equation of 
motion, the functional derivative multiplying this variation vanishes at u) = a). This means 
that when calculating the variation, we can keep w fixed. 

For the pure spin-3 gravity part of the action, we only need to vary the vielbein. The 
e A R{Cj) part is invariant up to total derivative terms, because of (|4.10[) and the Bianchi 
identity, dR(ui) + to A R(uj) -Ji(w)Aw = 0. The variation of the generalized cosmological 
term (|X20| is a total derivative: 6 e = d^ (| e^ x f abc A a _ e\ e c x ). 



15 D v is the full covariant derivative. 
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For the matter part, if the spin connection is kept fixed, we obtain after simple calcula- 
tion, the variation of the matter Lagrangian, 

e^ X fate el Ai [B vX , C] a = A ^ fabc e & A c_ ^ (4 32) 

Here the definition of the torsion (|4.21[) is used. Due to (|4.20j) . this is a total derivative 
like the variation of the generalized cosmological term mentioned above. Therefore the 
invariance of iStot[e,u>, B,C] is proved. 

4.4 World- volume Components of the Matter 

The matter fields, C a and B a , introduced above have an internal index a and transform 
non-trivially under local Lorentz-like transformation (a). By contracting these fields with 

the generalized vielbein e" and e? ■, , we will obtain fields which are neutral to local Lorentz- 

r,™ no nM _ xpM na „„^ no u „ 

-Af - 

'-M- 
We now introduce a Lorcntz covariant derivative for C a . 



like transformation. The new fields are C°, C M = Ef C a and B°, B M = e a M B a . C a and 
C M are in one-to-one correspondence with each other: C a — C M e a M 



b^c a = d^c a + r bc Qlc c , 

D^C° = d^C . (4.33) 

Similar definition is made for D^ ' B^ x and D^ B® x . By replacing Dj^ ' on C° by the full 
covariant derivative D^ and using C a = C e% [: recalling that e a M is covariantly constant, 



we obtain 



n(-k) /ia rS I r~<M a \ a V7 /~*M 



D?> C a = D X (C M e a M ) = e a M V A C M . (4.34) 



Here V M is the covariant derivative corresponding to f ff N . 

By assembling the results of the above replacements, matter action (|4.5j) takes the form. 



^matter — / u X 6 



B 0liV \d x C° + ^e b x C b 

We now rewrite B as 



1 .„ u ™ 2 
4 



Siv^ ^ efc V A C M + - d a 6c e A C c + - e\ C° 



(4.35) 



Sjv A = -^=€ lwX B NMV = e^ x B f f ia/ , (4.36) 

So A = -Le"" A V=^ A5 oW (4-37) 

Here e^"-* 1 is a completely anti-symmetric tensor, and g = det g^j, is the determinant of the 
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metric tensor. We have 



S'n 



dfx- 



Bn X [V x C n + jK n mx C ai 



+B X d x C° + -C x 



u 



d?X\J~ r g 



D 



N 



v x c N 



K 



N 



MX 



c 



M 



B X X C° 



B X X C° 



4 
U 



-B Q X [d x C a + ^-C x )+ B N X C M AT N 



AM 



Here the indices M, N of C are raised and lowered in terms of Gun and G 



MN . 



(4.38) 



C\ 



G X n C 



N 16 



After the second equality, Va is replaced by Va and a new term including 
AT^ M appeared due to the difference of the connections. This is a fourth order interaction 
(BC) 2 of the matter fields. Also K N ml is a metric-like quantity defined by 



K 



N _ 

ML 



N b „c 



= Cl bc&a e M e L 



This quantity has the following expansion in powers of 4>. 

2 



K» 



■gvx^ + Otf 6 ), 



k^\ p = 2 (s* s; + 8 V X 5; - 1 gT , 9 A P ) + o(<t> 2 ) 



(4.39) 

(4.40) 
(4.41) 



-^ M (i/A)p an d ^ M</ (Ap)re are already displayed in (|3.30[) and (I3.32[) . The other components are 
presented in appendix B. In appendix E, expansion of the part of the matter action, which 
does not depend on the torsion, is presented in powers of <f> up to 0((f> 1 ). Those parts which 
comes from Ar^ M turn out too complicated to write down. 
To summarize, the total action is given by 



'-'tot »^sccond-ord 



+ I dfxy/^g 

+ / d 3 x 



B N X (V X C N 



A n M 



t^N /iM 
-t MX O 



B X X C° + B X (d x C° 



■M 



C x 



- 9 B N *G-Ar» M - — 



Jlv\ p 



N 



e-'t^M- ArfUr^ 



vK ■ 



\N 



(4.42) 



Terms in the third line come from the torsion and represent matter interactions. 

4.5 Symmetry of the Matter-Coupled Theory 

The transformation rules for the metric-like fields g M „ and (\> iLvX under the local trans- 
lation (b) are modified from (I3.44[) - (I3.48[) , because of the torsion terms. The new rules are 
obtained by replacing V M and Fff N by V M and Tff N in the above equations, respectively. As 



16 Since C° is not invariant under spin-3 transformation, a suitable covariant derivative for C° needs to 
be devised like V M p a denned in eq(4.8) of [29] . This will not be attempted in this paper. 
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a result, the local translations of g^ v and </> m „a depend on the matter fields. It might be 
puzzling that even the diffeomorphism of the metric-like quantities depend on the matter 
fields through the torsion tensor. For example, 

= V p &, + V„ ^ - Ar^ Cm - AI^ Cm • (4.43) 

For diffeomorphism, £""■') = and £j\/ = Gma f A - This transformation rule is not geometri- 
cal one. However, as we metioned before, our theory is originally a topological theory, and 
has its own diffeomorphim invarinace. Stot i s invariant under diffeomorphism, if g^ and 
4>imuX as well as C°, C M , C^"^ and Bq X , B^ x and B^ v ^ x transform as tensors in the usual 
way. 

The difference between the diffeomorphism and the diffeomorphism-like transformation 
(|4.43[) should also be the symmetry transformation of the action. Therefore the symmetry 
of the matter-coupled theory is larger than that of the pure spin-3 gravity! To study this 
symmetry in more details, we need to compute the symmetry algebra. This will be left for 
future. The fact that the diffeomorphism which derives from from the topological nature 
of the Chern-Simons theory and that from the local translation coincide in the pure spin-3 
gravity seems accidental. It is an important fact that in order to obtain higher-spin gravity 
theory with matters, which is invariant under diffeomorphism, matter action in the frame- 
like approach must be a topological theory. 

Similarly, the spin-3 transformations of g^ v and (p^uX depend on the matter fields through 
ATff N . For example, the transformation of the metric tensor is (|4.43[) with £m = \ Gm{Xp) S,^^ ■ 

We now turn to the transformation rule of C A under the local translation (b). Instead of 
the gauge parameter A_, let us introduce new functions £m = t A" e a M an d £ M = £A°_ E^' 1 . 
Then (|4.I4|) is rewritten as 



8C° = ~^ M C M . (4.44) 

This does not look like a diffeomorphism of matter fields. However, if £(^) = 0, the eq of 
motion (J4.49J) can be used to show that 

ed,C a = (eEZA<L)(-±e h ,C b ) = ~A a _(h ah -lE^e b{ ^)C b 

= - \ A^ C a + | (M e b{pv) C h = -^ i M C M = 5C° (4.45) 

At the second equality of the first line, a relation Eff e b M = S b , which is a counterpart of 
(|2.2|) . is used. Therefore SC° is the ordinary diffeomorphism for C°. On the other hand, if 
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£ M = 0, we have 






SC° = --^C (fll/) = --^G (fll/)M C M 



= ~& u) C^g pX g vp -^^C x 4>^x+0(4> 2 ) (4.46) 

C° mixes with C under spin-3 transformation. 

The transformation of C is more involved. Let us recall the transformations of the 
vielbeins. The vielbein transforms as 5 e a = £ I)\j, A" . The transformation of the additional 

one > e (W) = \ dQfcc e A e p p $ is s iven b y 

S e^) = \ d% c e\ e p 5 P% + i d a bc £ 6M e< V A £ M ^ p - (4.47) 

Then by using (|4.15[) and (J3.44I) . we have 

8 C M = J (£f C a ) = -i ^ M WL C L £ w - C" P M N V p £ M - \ C ( ^ } K M Np V„ i N 

+\ C^ K M Xp g x P V^ v -j C° i M + C N S(P M N ). (4.48) 

Here £ M and £ N are related as £ M = G M n £ N ■ If M = (/m/) and A = (Ap), P M /v = P X p ■ 
If M = /x and A = i/, P m jv = <$V Otherwise, P m jv = 0. 

Because the matter system is topological, it may be allowed to use the equations of motion 
to rewrite the above transformation. The equations of motion for C° and C a derived from 
(14.5|l are as follows. 

d» C° + ^ e QM C° = 0, (4.49) 



1 jo „fc /" 

j a be e M o , 7 ^ 



^ L) C a + id a fcc e^ c + |e"C° = (4.50) 



Those for _B's are 



^^-^4^] = °. ( 4 - 51 ) 

1 Ja „b dc 2 



^ S "a, - I *** ef a ££ A1 - ! e? B° = 0. (4.52) 



Here [ , ] stands for complete anti-symmetrization of the indices in between. 
Eq (|4.50p leads to the relations. 

V^ = -i K \ M C M -j6»C°, (4.53) 

V,C< vA > = -jK^\ M C M + ^g vX g pa V li C^\ (4.54) 

Note that the second term on the righthand side of the last equation does not vanish, because 
the two indices of g pa is contracted with the single index M = (pa) of C M . This is not the 
ordinary rule of contraction of indices, and so g pa cannot go through V^. 
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When £(^) = 0, by using (I4.53[) and (|4.54|) . we obtain the transformations 

SO* = Z p V p C»-C p V p ^-^C^K» Mp V^ M + ^C^K p KT g^V p £,a, 

= e d p C -Cd p e + l C^ K» Mp A Tf K T - I C^ ] K P KT g KT A T™ G MX £ A 
H p Ar^ M C M - C Ar£ A C A + 0((f> 2 ), (4.55) 

S cd") = £p y p c { ^ ] - C V p ^ LU) + \ g pv g pa C x V A £ (pff) - \ C {Xp) K^ M \ V p £ M 
+ 1 C (M k(^) ctk g ™ v A fp - | ff^ C( A ") V A £ p ~ 1 9^ 9,a e V p C^ 
= £ p d p C {pv) - C {pp) d p T - C {pv) dp f + fA vW C M - C p A T p ^ ] £ A 



n L Ll/ 



C X A p(p^) £ K _ C (\p) K (pu) mx A pM ^o 



1 C (AP) K (p») aK g *K A r M g^ ^ + 2 
^ .5 



_ C (\p) K ^\ K g™ A Tfp Gmt r + 3 fl"" ^ (V) ATJ£ G M r T 
^rfcfAr^^+O^ 2 ). (4.56) 



In both equations, those terms containing </> cancelled in a non-trivial way except in the 
torsion terms containing AT's. Except for those terms with Ar, these transformations are 
those for a vector and a rank- 2 tensor. This is the same situation as for the diffeomorphism 
of <\>pvp discussed at the end of the subsec.3.4. If there is no torsion, the above transformation 
coincides with diffeomporphism. The torsion terms are cubic in the matter fields. Due to 
the torsion terms, the local translation of C^ and C^"' with £( A w = does not coincide 
with the diffeomorphism for a vector and a rank-2 tensor. The matter action (jE.ip . however, 
is clearly invariant under the diffeomorphism|^j Therefore S t ot is a l so invariant under the 
usual diffeomorphism, although it is different from the local translation (b). As we discussed 
at the beginning of this subsection, the symmetry of the spin-3 gravity coupled to matter 
is larger than that of the pure spin-3 gravity. Let us also note that in the above equation, 
although &*") = 0, quantities such as V A £ (p<t) = f[ p ^ £ K do not vanish. 
On the other hand, when £** = 0, we have the spin-3 transformation. 

8C = ~K\ vp)M G M ^-C v V v e-\c {xp ' ) K^ MX V p e 1 

+ lc^K p va g™\7U p 
6 

= [5 C% + [S C»] x - \ C A T p {Xa) e a) ~ \ C (Xp) K» MX A T% aK) ^ 

_I C (AP) K * va g »* A F M ^ + o(0 2 ); (4 5?) 



17 Relation with £ M , f^j, in subsec.3.3 is, § M = g^ v £, v in the case of diffeomorphism (^(a" / ) = 0), and 
Cp,u = o ^(u,v)(Xp) C m the case of spin-3 transformation (£'' = 0). 

18 T?™ and Ar^ M behave as tensors under diffeomorphism. 
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sc (pv) = 



2£ 



K 



(pv) 



(A P )M C M e (Ap) - j C° £W - C V p £<""> 



-\ C (Xp) K^mx V p e 1 + \ C M K^\ K g™ V x £ p 
-IgT C (Ap) V p 6 + 1 <T 9a, C x V A ^ 



5C {tlv) 

_ (j(\p) fc(p.v 



5C (pv)] — c p a r ( r\ f (<TK) 

O nlfTK.) ^ 



p(crre) 



MX 



a: 



pj\/ /-(o-re) MXp) v-ljiu) ok a pM t 



Ap?M 



+| <T C M A r£ £ M + 1 <T 9aK C x A rg^j £ ( ^> + O(0 2 ). (4.58) 

[<5C M ]„ is of 0((j) n ), and does not depend on AF^-. The </> expansions of these terms are 
presented in appendix F. The explicit forms of the terms coming from the torsion is not 
worked out here explicitly due mainly to the page size. 

Transformation of the field B can also be worked out. As for diffeomorphism, because 
the matter action (|E.1[) is manifestly invariant, B ofl and Bm* 1 = B^, B^x)^ must also 
transform as tensors. As for the spin-3 transformation, analysis similar to the C fields lead 
to the following transformations (with £ M = 0). 



S B } 



SB 



7 & v) B {I1U) X - l - <T G T(KCT) V p C (KCT) B > 



£ 



(4.59) 



\ 9 aP G^) V Q £<"> V + i B T X f ; {Ka) £ 



B 



(fcer) v p? 



2£ 
+|G p(KCT) e (KCT) J Bo A , 



»(a/3) 



(4.60) 



SB, 



[p°) 



\g afi G fj{Kv) V Q ^ B {pa) x - i X M K , B M A 3"" (GW Vp ^ + GpAr V CT £*) 



-M 



- K» KV B M X g pa g Ka g^ Gp N V a £ N + - K N Mk V n £ M P^ B N X 



1 
3 

1 V N C M u \ 



3£ G 



(p<t)(kt) 



£ (kt) Bo 



(4.61) 



In AdS/CFT correspondence [38 39 [40 , C° will serve as a source for a scalar operator O 

on the boundary. Bo t( f, will be the source for its conjugate, O* . As in the case of AdS/CFT 

duality for spinors, we can choose f gM Tr (B A C) as a boundary action437J 19 l What is the 

role of the other components of C in the gravity/CFT correspondence? It is known that 

in spin-3 gravity, there exists W3 current in the CFT on the boundary 15 34 [?] and in the 

CFT with W symmetry, the OPEs of the primary field O and the W3 current contain new 

fields, W-i O and W-i O, which are not simply related to O by just differentiations. [3T] 

w 

(z — z'Y 



W(z)0(z') = r —-^0(z>) + 



{z-z'f 



1 M2 ^-1 °( Z ') + -^-1 W-2 O(z') + . . 



(4.62) 



19 dM is the boundary of the spacetime. 
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Naturally, C and C^"' are expected to be the sources for W-i O and W-2 O, and their 
anti-chiral counterparts, where W n is the expansion mode of the W3 current in the boundary 
CFT. Question is whether it is possible to set <5-function-type boundary conditions on all 
these fields at the same time in a single set of solutions. Furthermore, these operators are 
W descendants, not primary. So if the correspondence is true, there may be difference from 
the conventional duality. 

In the AdS/CFT correspondence, the solutions to the equations of motion are substituted 
into the action integral. As in the case of pure spin-3 gravity, the equations of motion in 
the frame-like approach will be easier to solve than those in the metric-like approach. The 
equations of motion for the gauge fields, A, A = uj ± j e, 

o 

F = dA + AAA = CB, 

k 

F = dA + AAA = -^-BC (4.63) 

k 

and Bianchi identity dF + A /\ F — F /\ A = are consistent with the equations of motion 
for the matter, dC + AC - CA = and dB-BAA + AAB = 0. These equations describe 
the back reaction of the matter to the gravity. If the solution satisfies [B^ V: C] — 0, the 
torsion tensor (|4.2ip vanishes. Even in that case, gravity and the matter are still coupled. 
In general, the torsion does not vanish. In this case, as discussed before, the matter fields 
appear in the local translation of g^ and ip^x, and the symmetry is enlarged compared 
to the pure spin-3 gravity case. Then the symmetry algebra of CFT on the boundary will 
be modified and the correlation functions in the boundary CFT will be affected. It will be 
worth finding black hole solutions and studying on the duality of this spin-3 gravity theory. 

5 Summary 

We expressed the generalized connections T^ and curvature tensors R M n^u, which 
were introduced in our previous work[29], in terms of the metric g^ and the spin-3 field 
<?V^A explicitly. The matter coupling to 0-form C and 2-form B fields of the spin-3 gravity 
is introduced in the action formalism, firstly in the frame-like approach, and then translated 
into the metric-like approach. For this purpose, we eliminated the spin connection w° by 
using the equations of motion. There are two options: one is to use the spin connection 
w" (e) obtained by solving the equation of motion for the Chern-Simons theory representing 
the pure spin-3 gravity. The other is to solve the equation of motion for the total action 
to obtain w"(e,B,C). We adopted the second one, because the first one lead to an action 
which is not invariant under spin-3 transformation. After elimination of the spin connection, 
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interaction terms of the form (BC) 2 are introduced due to the torsion. We showed that the 
symmetry is enhanced, when the matter fields are coupled to the spin-3 gravity. It was 
found that in order to construct spin-3 gravity theory, which is interacting with matter 
and is invariant under diffeomorphism, we need to consider topological field theory, like 
Chern-Simons theory and the BC system (J4.3I) . in the frame-like approach. 

Although we have not pursued further, the first option above for eliminating the spin 
connection might as well work. In this case it is necessary to modify the matter action and 
the transformation rule of the matter fields in order to recover the spin-3 gauge symmetry. 
This must be done by trial and error. If one could succeed in this, this would be more 
natural, because the transformation rules of g^ u and 4>^ v \ are not affected by the matters. 
In this case the size of the symmetry of the matter-coupled theory is the same as that of 
the pure spin-3 gravity. This attempt will be left for future study. 

The construction of the matter coupling presented in this paper can be applied to other 
3D higher-spin gravity theories based on SL(N,R) x SL(N,R) and /is [A] x /is [A] Chern- 
Simons theories, and a similar conclusion is expected. It is also possible to introduce topo- 
logical matter composed of two 1-forms, C M and B^ in a similar way. 



2f> 



A Metric Gmn — e^ e a N and its inverse G MN 



G» v = g» v , (A.l) 

G^( v x) = G(j/A)^ = </va - o 9v\4>^, (A. 2) 

G(Hv)(\p) — M (pv)(Xp) + {<t>ftv<7 - o 9V 0<r) 5 CTK (0«Ap - o 3Ap 0k) 

= I SW 9^A + I 5 M A fl^p - g AW 5a p + CO 2 ), (A.3) 

G"" = g ^ + 2^ x P4> v Xp -^^(f ) v + 0((f) 4 ), (A.4) 

o 
G (^)(Ap) = j{ ltV )(.Xp) =4:gW , gV \ + 4:g ^X g up_^ gia , g Xp + ^ ( A _g) 

O 

B Metric-like Tensor #%*: = d° fec £f e^ e^ 



^Va - \g„x <£" + O(0 3 ), (B.l) 



„) 4 .... 8 ,.,„ ,„ 4 



tf^Ap - 4^ } - -^ 5A p " jrffAp <^™ P™ - 7T <7Ap<^ 0" 



~l 9x P r v " <t>* + ^ g^gxp $ OK A OKr + \g^gxp <i> K K + 0(<f> 4 ),(B.2) 

K^ {v x)p = - 3^.9. a + 8{ v g X ) p - ^V 4>uxa + 3 ^V ^A) pff + 3 g P (Ax)a K 4>^ K 
2 114 2 

+ o 0%(i> </»A) - 3 9p(v^ 4>X) - 3 <5% </>„ </>A - g gyX^ aK <f>paK ~ 3 0%A 0p 

2 12 2 2 

+ g ffi/A^ <Pp + 3 <^(t 0A) <Ao + g gvX^p" 4><J + 3 <*% ^A CT CT - 3 <5(t ^A)p ff </><T 

+ ^ ^5,a <^W<^ KT - i S^g x)p <\> aKr <\? KT - i^ff.A K K + O^), (B.3) 



^^(Ap). = -\g*{X r%) + |?Ap <Ta + I & 4> V) XP - \ <5( ( A 4> V \)a ~ \ 6$ 9p)< , ^ 

-\ &8# <P P ) + \ 9^9.{x <t> P) + | 6{ x r p) <t>.-\ g^gxp 4>« 

+0(<f> 3 ), (B.4) 
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2 2 2 2 1 

K 1 " \uX)(pa) = -^9pv <^v\ + -" g\(p<jt \)v + g 9u(p^a)X ~ g 9vX^ pa ~ ^9u(p9a)X ^ 

12 2 1 1 

+ 3 ffi/AflVxr ^ + 3 ^(p<t><T)u\ + g <5(t>A)pa - 3 *f p 5<r)(^ </>A) - g ^5A)(p0 CT ) 

+0(</> 3 ), (B.5) 

- ^Jx) 9 PK + \oT 9x(.9.)p - §<T 9Xp9«k + O(f). (B.6) 



C Generalized Curvature R 



3^ afi.\K,au)p g; 



+ ^9r(Af ; )K f^ - ! ffr(A f; )CT f ^) + 0^% (C.l) 

In the above component, the 0(4> 2 ) terms are not displayed. 

R\uX)pa = -^p^^.Xa - gftrMVpV^IA) + gVpV^'V ~ ^9*{vfi ' p%\)<P 
+ -<^V p V(^ A ) - 3^|V p V| A) ^ + -V p V ff( ^ A - -<5f„|V p V^| A ) 

+ ^(hV p V^| A) ^ - ^VpV^A + ^f H V p V K |A)ff K 
+ g<5f,5A) ff VpV K K + -VaV"^Ap + 3.9 p (hV ct V^^| A) - -V ff V ( ^ A)p 
+ 3.9 p (hV ct V| A) ^ - 3^V ff V ( ,0 A) + 3^|V ff V| A) 0p - -V ff V P <^ A 
+^f v |^V P 0|A) - ^pM^Vk-TV) + i^V CT V K ^ A - ^|t|V ff V^| A)Kp 
-\5l9x) P V a V K 4>K+g v x(\VpV^ a - I\7 p \7 K ^ ff _ I^v p v^ K 



7"(,/aA)p » ff » fKTJi/AlIVpV i^o- — v p v K ip <t -i 

i\7 ff V^ p + i\7 a V K( /,^ p + I, 



- oV CT W p + rV ff V K f% + -5fi a V K <t> K ) + 0(^ 3 ), (C.2) 



2- 



+9^( - gVpV A ^ - -V p V ff ^ A + -\7 p \7 K (j) KXa + - 5 A CT VpV K K 

+gr^ T VA0 PK r + g-r^VA^ + gf * T g Kp V\<F + -r* r v p 0a k t 
-g r <7«Vp0A + -r^ T .g K AV p </> T + -r^ CT Vp0 K - -r^ T v K T Ap 
-if^V^A - ^f« r5KA V^ ff - ^V^ - ^f- r5 ApV K ^ 
4 -f « r V^ KAp - \t % V^ rXa - it ^ T .g K pVV,A r - ^f « t3k aV^ 



q i <TT v rKAp n pk v " Aff q i CTTy«p v vr/A q'ittwav y^p 

if%,V^ Kr(T + ^t; T g Xa \7^ K + hl p g Ka \7^ T + ^ T g Xp \7^^ 
4 



g r^ 5 ApV^ T J - (p O a interchanged) + 0(<f> 6 ). (C.3) 

The remaining component Fv- pv ' (Xp)ok, is too complicated and not presented. 

D Metric-Like Tensor F^ M N = f\ c e^ e b M E* 

In the following equations 

1 :e^ p , (D.l) 



where e rt ^ = +1. The indices are raised and lowered in terms of <7 M „ and g pv . 

T? X _ A , _ c ApCT / k ± i _ p J.Xctki _ _ p iX a i 

r pv — ^ pv ' n t^MP H^vok ~r ~ fc pf V H^pan ~ & pv H^ p H^a 

+ \e iu , x <t? ^ + 0(<p 4 ), (D.2) 

^p(,a) p - e x pa $p Va + e v pa 4>p Xa - 2 ep pa 4> vXa - X - 5 X " Ep V ° <j> a -i 5„ p Ep X a 4> a 

-\zx pa gpv 4>o~\ e v pa gpx 4>* + \ ep p °g vX ^ a + O(0 3 ), (D.3) 

Fp^ xp) = 2s v pa ^p x „ + 2e v x ° <Pp p a -2ep p ° ^ x a -2ep x ° ct> v p a + 0{<f), (D.4) 

Fp(,A) (pCT) - 6\" Ep V p + S X p Sp V ° + b v ° Ep X p + 6 v p ep X a + 0(<P 2 ). (D.5) 

^(^)(Ap) CT = -^v P a .9pA + j e„A CT .gpp + -^p P a 9ux + 4 £px a g vp + 0{<j) 2 ) (D.6) 
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771 (rec) 



4 K( K =■ °V A, . , _L _A< K =• cr ) 1 " ' ^ 



X\K a)r i , £(^_<x)Ti x(k*~ &)t i 

-d ( \|£ M 0„|p) r + 3^(A|^ <?W)t - jjfy £(A| 4>v\p)r 

\5i K e {x ^^ p)T - \d\ K x e p)T{ ^ v) ^ - \e {x ^ T g p)(p ^) W) r 



+ 3 d ( /J £ ^)r(A 



3 < A 



-2£, ( A T 3p)p0 K % - 2 J^e,),, 1 " r - 2 #"$£„)/ </> T 

-2 <5g |£ p-) T . 9Hp) T - 2 ^e^^) t + 2$« e (x a)T g p) „<t> T 

+2 Sfe^g^r + ^ 8\le p) ^g p ^ T - ^e u) ^g Xp T 

4 4 

+ 3 £p(A T .9p)^ K "0r + 3 e v{x T g p)tl g Ka cp T + 0{(j) 3 ) 



(D.7) 



E Matter action up to 0(<p) 



The matter action is composed of the torsion part S^°lT° r n , which come from Ar A 



matter ' 

and the other part, which are expanded according to the power of 



pM' 



S, 



= o(0) , c(l) 

^matter ~> ^matter 



s. 



(torsion) 



(E.l) 



Here only the part which do not depend on the torsion is presented up to 0{4> 1 ). 



S, 



(0) 



dfx- 



V(Va C" + 1 g Xp C(«0) + i B ( p p) A (V A C^) + ^ ^ A C) 



5, 



(i) 



+ j B X X C° + B X (d x C° + 1 ffA „ C") 



(E.2) 



, 2 , 



I d 3 x^f~gB p x C (pa) 



-tfixfa 



d 3 x x /^^- £ B u x g Xo CP^ 

-^<t>\pa - -ffApV^a + -V A fp, 
f ...^ 1, 

6 



^B/C^) [- -V^Ap. - -.9a p V^, 
- ^.9ApV ff ^ - i^V^A + i^Vp0. - 



- -jVp^A. 



i.9ApV K ^ ffK + -^V K <K™ - -^V^p, + ^g^t* 



g^ApV (p- a « -I- -0- V (pA CT «-gO A V ^P^ + Y2 ^ 3A<T <Pk 

J d 3 x^— g B { , u) x c^ [- ^ 9Xp r\ - Y^ Xa + h 6x<t>l 



per 



\ C p 



irAW. 



+ / d 3 xy/=gB^ v) 

V^0"pA + 3 

,v: \ " r} ■ - 
3 



Jv p ^- A + ~Uy P 4, 



-\K^ K ^\ - \^ K 4>\X + ^ffApV 






— ,KP7/ __ L§Vfj^*. 



1. 

3< 



(E.3) 



30 



F Spin-3 transformations of C M and C^ 

Here only the parts of S C M , (J4.57J) and (J4.58J) . which do not depend on the torsion are 
presented up to O(cj) 1 ). 



[SC»} = _l^) 5iyp c^i 3A ,C^V p ^ A ) : 



(F.l) 



ISC'' 



6C {fny) 



+ ~ki ° {>lv) 0A e(Ap) 5i/p " h C{PX) r ™ e(CTK) 9kx ~ h ciflv) ^ Xp ?(Ap) 

+1 C v e (Ap) V^ ^ Xp + i C g,A £ (Ap) V^ p - i C £ (Ap) V„ <^ Ap 

+ 1 c^ £ (MA) V„ a + i C g vX C (Ap) V p ^ + \ C v C (pA) V A 0„ 
6 6 6 



6 
. 1 c » px) v A ^ _ 1 c , e (A P ) ^ ^ _ 1 c* gj/A e (A P ) y a ^ 

1 c , e ( M A) ^ ^p + 1 a p e (vA) ^ ^^p l r „, ,(/*) 



5,A^ A) V P P , (F.2) 



«C^] o = -^C^^ + ^C^^a^ + ^C^SpA^ 

^ C (Ap) £(„«) ^ ^ _ ^A y A C (p,) ; 



2 

7 
1 



(F.3) 



t(p^) r^A 



+ JL e (MA) C P ^ ^ + J_ ^ a C P gpa C (A.) _ ^_ ^ C X e (^) ffCTA ^ 

-^ C* <^ Ap c (Ap) + i c^ e (pCT) v^ ^ ApCT + i c^ A ) ffAp c (pct) V" 4> a 

- \ c (l/A) e (pCT) v A ^ V + J c {vX ^ e (pp) V P + \ C {vX ^ 4> P V & p) 

o D 

- 1 c^ r P „ v e (pCT) + i c^ 9Xp ^ v a r 

+ ^ f V C (Xp) & K) V p ACTK - i ff ^ C (Ap) ^ £(„«) y A ^ + 1 C (,A) ^(pp) ^ ^ 



P0A 



10 y u 

1 C (p.) ? (Ap) y ^ _ 1 ^(Ap) ^ y ^ + 1 ^(Ap) ^ y ^p.) ^ 

3 6 6 

+1 ^ (Ap) ^a ct V p e^ ff ) + l - C^ gT 4>* Vp £, {Ka) gx K 
-\ C (Ap) gT ^ V p C (KCT) 3a« - \ g^ C^ ACTK V p C ((TK) 

_ 1 C (,A) £(p ff ) ^^ p^ _ 1 c {uX) gxp r ) y« P_ _ 1 C (uX) e (pp) v) « 0ApK 
+ 1 C (p.) c (Ap) ya ^ pa _ 1 ff p, ^(Ap) ^^ ^ («,«) V K p - 1 C^ A ) ffAp V K K 
+ _]_ g p, C (X P ) ^(<XK) y^ 0a ^ + 1 ff p, C (Ap) ^^ ^(«) y r ^r 

+ 4 C(AP) ff"" ? (CTK) 5a. 5 P k V T r +(n^P interchanged). (F.4) 

36 
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For SC° = [<SC°] + [6C°]i +C(^ 2 ), we have 



l^ ]! = -I^^^a. (F.5) 



(™?)l 



g [Ar™]! 

©(f/) 1 ) corrections to ATjJ 1 in (|4.24|) are presented in this appendix. Here the indices 
of T^v,\ are raised by g^" . 

[Ar^]! = i J^^ [^^Z^* + l - g vX <$> a T w <° - ^ pa T/ >x - fo^Tf ,„ 

+2g\ p 4>va K T,f' K - g„ p 4>\a- K T^ a ' K - g uX 4> P a^ T^'* + -g^c T vX ' a 

+ -^g^\(t>cr Tu P '" — 4>np<r T v a : \ — 4>p\ a T v , p + 2g\ p <j) fl(7K T l/ <T,K — gp,p^) XuK T v '' 
—g^\4>p(7K T , „ <T,K — <f> vpc ,T x )jU — </> w<T T\ \ v + 2(pp /V(T Tx' r , p — gv P <i>poK T x a ' K 
—giip4>vaKT\ a,K + 2gpu4>paK, T\ a ' K — 4>u\ cr Tp' T :f2 — 4>n\a T p a >v + 20 aii/o .T p °" ; a 
—gv\<l>ncTK T p a,h — gp\4> v <jKTp a,K + ^gpv^XuK T p a ' h — ^g Xp 4>p VK T' yh ' , a 
+2g up cj)p,x K T°\ a + 2g„ x cf)p,p K T°\ a + 2g w ^ vXK T°\ a + 2gp X ^ vpK T a ^ 

-^g„u4>\ P K T CTK ,a - .g w .g,A0 K T rT CTK ^ - g^g^K \T aK , a + 2gp V g Xp K T T T CT % 

(G.l) 
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